SMI-25-96 



Incidence Matrix Description of 
Intersecting p-brane Solutions 

I.Ya.Aref'eva * 
Steklov Mathematical Institute, 
Vavilov 42, GSP-1, 117966, Moscow, Russia 

and 

O.A.Rytchkov ^ 
Department of Theoretical Physics, 
Moscow State University, 
Moscow 119 899, Russia 



Abstract 

An algebraic method for a general construction of intersecting p-brane solutions 
in diverse spacetime dimensions is discussed. An incidence matrix describing con- 
figurations of electric and magnetic fields is introduced. Intersecting p-branes are 
specified by solutions of a system of characteristic algebraic equations for the inci- 
dence matrix. This set of characteristic equations generalizes a single characteristic 
equation found before for a special "flower" ansatz. The characteristic equations 
admit solutions only for quantized values of scalar coupling parameters. A wide 
list of examples including solutions with regular horizons and non-zero entropy in 
D=ll and D=10 theories is presented. 



*e-niail: arefeva@arevol.mian.su 

t e-mail: ry tchkov@grgl . phys . msu . su 



1 



1 Introduction 



Soliton solutions in D = 10 superstring theories and D = 11 supergravity support an 
idea that five known D = 10 superstrings are in fact five different points of an unique 
M-theory [|ll-[3- In this context it is interesting to understand whether an existence of 
sohton solutions is a privilege of effective superstring theories or D = 11 supergravity. 
For this purpose it is useful to have a list of soliton solutions in D-dimensional theory 
with the following action 

where F^+i is a c? + 1 differential form, F^+i = dAd, is a dilaton. In general, the fields 
F and are linear combinations of a large variety of gauge fields and scalars. 

The aim of this paper is to present a systematic description of a class of soliton 
solutions in higher dimensional gravity coupled with matter. This class describes multi- 
soliton composite p-brane solutions. Elementary p-brane solutions have been found years 



ego 0-0] (see also [0-[|T3|). The recent microscopic interpretation of the Bekenstein- 



hawking entropy within string theory |T^-[|T3] has stimulated an investigation of p-brane 



solutions Composite p-brane solutions for D = 11 and D = 10 have been 



obtained recently |T^, We will also search for an universal higher dimensional 

(higher then D=ll) theory which has p-brane solutions that after dimension reduction 
could produce all known D = 11 and D = 10 p-brane solutions. 

To get a wide class of composite p-brane solutions with non-zero electric and magnetic 
charges in theory (|1 . 1| ) we will use an algebraic method ||2^, |33|, which permits to 



reduce the problem of finding solutions to an algebraic problem. 

We will describe the class of solutions with a + 2-blocks metric and a gauge field A 
which has E electric and M magnetic components (branches) 

E M 

A = T.^^P + T.A^'- (1-2) 

a b 

An + 2-blocks metric has the following form 

TV 

ds" = e^'^^^^ri^^dy'^dy" + J2 e^^^^'^dz^dzr' + e'^'^^'Ux^ dx\ (1.3) 

i=l 

where r]^y is a flat Minkowski metric, /i, v run from to g — 1, mj runs from 1 to r^, 7 
runs from 1 to s + 2 and 

N 

D = g + ^r, + s + 2, (1.4) 

i 

In ( |1.3|) A, B and Fi are functions of x. 

To describe electric (magnetic) configurations A'^P (^['^■*) we will introduce an electric 
(magnetic) incidence matrix. The incidence matrix, say the electric incidence matrix, is 
an rectangular N x E matrix, 

A = (A,,), a = l,...E, i = l,...N, (1.5) 
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which rows correspond to independent branches of electric gauge field and columns refer 
to the number of the blocks in the metric ( |1.3| ). The entries of the incidence matrix are 
equal to or 1. Field configurations A^^ will be in the following form 



{j|A„=l} 

where uq and Ui are q and r^-form, respectively, 



Uo = dy° A ... A dy'^ \ uji = dz} A . . . A dzl 

Ha are some functions of x- variables, a = 1, . . . , ii^. 

We will show that in the case of a pure electric ansatz, 

a 

the following metric 

ds^ = {H^H2...He)-^"' E V^.vdy>'dy''+ 

fi,u=0 



[1.6) 



[1.7) 



{H,H,...HEy'"'[J2iI[H-^'"r E dz^dz^^^+Y^dx^dx^ 

i a mi=l 7 



is a solution of the theory (|l.lj ). Here 

d 



u 



2{D-2) 



t = u, a 

2 



dt + a^/A'' 



[1.9) 



Hi, H2..., He are arbitrary harmonic functions of x- variables and the incindence matrix 
A satisfies the following E{E — l)/2 characteristic equations 



{q + 



a 



d^ 



N 



D-2 



+ J2 rAaAa'i = 0, a!. 



:i.io) 



i=l 



Note that the characteristic equations ( |1.10D generalize a characteristic algebraic equation 
for a so-called "fiower' ansatz [37|. In this ansatz Y^^=i "^i^ai^a'i = 0, and one has a single 
equation |^| 



a 



rf2 



2' D-2' 

In the case when electric and magnetic components of the d-form gauge field are 
non-zero (see eqs. ( p.2|) below) the metric solving the theory ( |1.1| ) has the form 

ds" = {H{'H^\..HE'UiU2...UM)^"'iHiH2...HE)^x 

g-l 

{{HiH2...HeUiU2...Um)-'' E Vf.udy^dy''+ 

tJ.,u=0 
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iU,U2...UM)-''Y.i]lH-^"IlUb'r E dzrdzr+T.dx'-dx-}, (1.12) 

i a b mi=l a 

where Ha and Uh are arbitrary harmonic functions of x-variables, a = 1, .., i?, 6 = 1, .., M, 
and the electric and magnetic incidence matrix, A^j and A^j, satisfy two more conditions 

d^ ^ 

s + Y-^^ + T.^^^biAb'i = 0,b^b', b,b' = l,..M (1.13) 

i=l 

d^ ^ 

— --— - + ^r,A„,A6, = 0, a = l,...E, 6=1,..M (1.14) 
^ ^ i=\ 

The characteristic equations admit solutions only for quantized values of scalar cou- 
pling parameters that is in accordance with |2^, Note that the case when a = 
(D=ll supergravity) p-brane solutions are given by the above formula with a = 0. These 
equations are very restrictive since they must be solved for integers and they admit non- 
trivial solutions only for special D. The selected D are the same as for the "flower" ansatz 
37| . In particular, they are D = 10, 11, 18, 20, 26. 

For the case of two (k) gauge fields we will introduce four {2k) incidence matrices 



and the corresponding expressions for metric will be very similar (see eqs.( 3.2^^ ) below). 



The corresponding incidence matrix will satisfy to relations similar to ( |1.10|) , (|1.13|) and 



The algebraic method can be also used for finding solutions with depending 

harmonic functions. In particular, one can consider a generalized dyonic ansatz that 
contain equal numbers of magnetic and electric branches, S = Ai and the same set of 
harmonic functions Hi = Ui, i = 1, ...S. This construction gives in D = 11 a new dyonic 
solution with regular horizon and non-zero entropy. 

The paper is organized as follows. In Section 2 we present soliton solutions for the 
theory ( |1.1| ) with one d-form field with dilaton and in Section 3 we present soliton solutions 
for a theory with two antisymmetric fields and dilaton. Both sections start from general 
considerations and are concluded by some examples. There one can also find relations 
with known solutions. In section 4 we collect some examples of solutions of the form 
(|1.12| ) with depending functions Hi, H2...HE and UiU2---Um- 



2 Gravity Coupled with ti-form and Dilaton 

2.1 General Consideration 

Let be a manifold with a following structure: 



and the metric has the form (|T] 

For the d-form we are going to consider a class of ansatzes corresponding to E electric 
and M magnetic charges. Each ansatz we will connect with two rectangular matrices 
Aai, a = 1..E, i = 1..N and Abi, b = 1..M, i = 1..N with the following properties: 

1) Aai = 1 or 0; 

1') Abi = 1 or 0; 
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2) there are no ai and 02 (ai 7^ 02) such that: Aa^j = Aa^j for all i 
2') there are no bi and 62 {bi 7^ 62) such that: Ab^i = A^^i for all i; 

3) there are no ai and 02 (ai 7^ 02) and ii, 12 such that: A^^j = Aajj for all i ^ ii, 12 



and = = 1 



3') there are no 61 and 62 (^1 7^ ^2) and ii, 22 such that: A^^j = A^jj for all « 7^ «i, 'i2 



and = = 1 



4) Eili '^i Aaj = d-q for all a; 
4') EiIir.Afei = rf-s for all 6; 

5) A«i ^ Am if s = 1, q = l 

An "electric" field is assumed in the form 



(2.1) 



a=l 



where cJq ia a q-form 
uij is a r,-form 



{i|A„,=l} 

cu^j = A . . . A dj/"-^ 



cUj = (i^;^^ A ... A dzl 
A "magnetic" field is assumed in the form 



M 



F = Y,Vbe'^'t>+^''^^^ H dxb{x), 
6=1 



(2.2) 



where *b is a Hodge dual on 



: n R''x)R^+2_ 

{*|A6,=1} 



We will refer to the different terms in (|2.1|) and (|2.2|) as to the different branches of 

we assume 



electric and magnetic fields. In order to simplify the Ricci tensor |3^, |29 

qA + Y, nFi + sB = Q. 

We get 



R =-S e^^-^'-^^AF- 



-'miUi 



Rai3 = -qd^AdpA -^TidaFidpFi - sd^BdpB - 6^p^B. 

i 

Components of the energy-momentum tensor for the d-form gauge field, 



t(^) _ ^ (TP pMi...Ma 
J-MN - ■^[^MMi...Ma^N 



1 



2\„-ad 



2{d + l 



-9mnF )e 



(2.3) 

(2.4) 
(2.5) 
(2.6) 



(2.7) 



for the above ansatz are 



a=l 4 
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M ^2 



+ '!Le,'-4>+2sB+2Y^^^^K,,nF,+2x,^Q^^Y^^ (2.8) 

6=1 ^ 

T^Il = 5m.n.e'^^^-^\j: ^e-'^^-^^^-^Et, A„,..i..+2C„(5C'„)^(1 - 2A„,)- 

- E ^e"<^+2^^+2S.=i^''^^*^^+2x.(^^^)2(^ _ 2A^^)]^ (2.9) 

6=1 
a=l 

M 2 „ r 

^ ^e"*+2^^+^E,..A..^.^.+2x.[5^^^5^^^ _ ^(ax,)^]. (2.10) 

6=1 ^ ^ 

All others components are zero. Note that we assume 3) and 3') to guarantee the diagonal 
form of the energy-momentum tensor. 

Components of the energy-momentum tensor for dilaton 

T^MN = \{dM4>dN4> - \gMN{V(t>f) 

have the following non-zero components 

Tl^) = -\v,.e^^^-^\d<t>)\ (2.11) 

Ti^l- -\5rn.n.e'^''-^\dct>)\ (2.12) 

tI^^ - \Mdp^-\5apm\ (2.13) 
If we assume the following "no-force" conditions 



AT 

a(t>-2qA-2Y^ A^inF^ + 2C„ = 0, a = 1..E (2.14) 

1=1 



N 

a<j) + 2sB + 2j2^biriFi + 2xb = 0, b = 1..M (2.15) 



1=1 

the form of Tmn crutially simplifies and the Einstein equations cast into the form 



E M 



AA = j:thi(dCar +j:uvi(dx,r, (2.16) 

a=l 6=1 
E T M -1 

AF, = Y: hl{dC^)\u - - A,,) -Y.4{dx,nu - -A,,), (2.17) 

a=l ^ 6=1 ^ 



-qd^AdpA - Y Tid^FidpFi - sd^BdpB - S^pAB 

i 

1 ^1 

= -da(l)df3(f) - J2 hli-daCadpCa - uSapidCaf- 
a=l 



M 



f2.18) 



b=i 



where t and u are given by (|1.9|) . 

Equation of motion for dilaton reads 



M-'^[i:hl{dc^f-T.^l{dxbf] = Q 

^ a=\ b=\ 



E 



M 



From Maxwell's equations under conditions ( p.l4| ) and (p.l5| ) we get 

ACa = {dC^y 

From Bianchi identity for F under conditions ( ^.141 ) and ( |2.15D we have 



(2.19) 



(2.20) 



Axfe = {dxb 



(2.21) 



therefore, Ha = e a = 1, .., and Ub = e b = 1, ...M are harmonic functions. 
We solve ( p.l6|) , ( p.l7|) , ( p.l9|) and the diagonal part of (|2.18|) supposing 



M 



A = Y.thlCa + Y.^vlxb 



a=l 



b=l 
M 



F^ = T. hlCai-Aa^ " m) - Y^vlxbi::^bi " u) 
a=l ^ 6=1 ^ 



M 



B = -uJ2 hlCa - t J2 vlxb 



a 



a=l 
E 



6=1 



[T.hlCa-Y.<Xb] 



(2.22) 

(2.23) 
(2.24) 
(2.25) 



a=l 6=1 

But now we have to guarantee relations ( pl3|) , (|2.14|) , (|2.15|) and non-diagonal part of 
(|2.18| ). Let us analyze these conditions step by step. 

A substitution of ( |2.22| )- (p.25|) in ( p.l4|) under an assumption of the independence of 
Ca and Xb gives three types of relations 



^ 1 
^ i=i ^ 



u 



^ 1 

= — + gt + X! riAaihl{-Aa'i -u), a 
^ 1=1 ^ 

^ 1 
= — — + gn - ^rjAai{-ku - u) 

^ i=i ^ 



(2.26) 

(2.27) 
(2.28) 



Taking into account requirement 4) on the electric incidence matrix from equation 
(1^ ) we get 

hl = h^ = a (2.29) 

where a is given by equation (|1.9|). 



Equations ( |2.27| ) and ( p^.28D together with conditions 4) and 4') give 



{D - 2){^ + q) - + {D - 2)Y^ nKi^a'i = Q,a^o! 



N 



{D-2)^-d^ + {D-2)J2 riAaiAbi = 0, 
^ 1=1 



N 



(2.30) 
(2.31) 



that are nothing but conditions ( |1.10| ) and ( 1 . 14|) mentioned in the Introduction. 

A substitution of (|2.22| )- (|2.25|) in ( p.l5|) under an assumption of the independence of 
Ca and Xb gives once again three types of relations. They are 



N 



1 = + stvl + ^ TiKuvli^Kbi - u) 
^ i=l ^ 



^ 1 

= — + St + ^ nkbii-^wi -u), bj^b' 
^ i=i ^ 



^ 1 

= — - SM + ^ riKbi{-Aai - u) 
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From ( p.32|) it follows that 



2 2 

Vh = V = a 



The condition (|2.33| ) gives 



{D -2){^ + s)-d' + {D-2)J2 n^u^b 
^ i=i 



N 



(2.32) 

(2.33) 
(2.34) 

(2.35) 
(2.36) 



that is nothing but ( |1.13D . The relation ( |2.34| ) coincides with ( |2.31| ). 

Substituting ( |2.22| )-( p.25| ) in ( p.3| ) one can check that equation (p73|) is fulfilled. Indeed, 
a contribution of terms containing Ca in the LHS of ( p.3|) is 



N 



qt Y: hlCa + E ^^(E l;hlCaK^ -uY: hlCa) -suY: hlCa 

a=l i=l a=l a=l a=l 



N 



E N 



= (E hlCa) iqt-uYr.-su) + J2i: ^nhlCaA,. = 

a=l 1=1 a=l i=l 

- (E >^lc.)k\^^ - - 2 - ,)i - ,)) ^ 0, 

a=l 

i.e. it is zero. The same is true for the terms containing Xh , 



M 



N M 



M 



M 



E t^bXb - E -KvixbKi - ^ E ^Ixb) - St E ^Ixb 

6=1 i=l b=l ^ 6=1 6=1 



M 



N 



M N 



(E '"bXb) {qu + uJ2ri - St) - YY T^^ivlxb^bi 

6=1 1=1 6=1 i=l ^ 
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M 



Y.^lXb){q\-^ + {D-2-q~s)l 



2D -2 



D-2-d 1,, 

S^TTTZ ~-{d- S))= 0. 



2D -2 2{D-2) 2 



Non-diagonal part of the Einstein equations gives five types of relations. One type 
follows from the requirement of compensation daCadpCa- It has the form 



that is satisfied due to the requirement 4) and relation ( |2.29| ). 

Another type of relations follows from the requirement of compensation daCadpCa' ■, 
a ^ a' 

c? ^1 

^ + + E r^{^-^a^^a'i + " mA„,) + SU^ = 0, 
^ i=l 4 



that holds due to ( |1.10D . 

One more type is obtained from the requirement on the coefficient in front of daXbdpXb- 
It has the form 



TV 
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and takes place due to 4') and ( p.35[ ) 

The next type of relations we get from the requirement of a compensation daXbdpx'bi 
b' 

^ .1. .,1 



^ + qu'^ + J2 ^ii^^bi - u){^Ab'i - m) + st^ = 0, 
i=i ^ ^ 



that is equivalent to ( |1.13| ). 

The last type of relations follows from the requirement of compensation daXbdpCa and 
it looks like 

„2 ^ I 1 

- qut + ^ri{-Ku - u){-/\ai - u) - stu = 0. (2.37) 



a 



i=l 



Since the LHS of the above relations is 

„2 



a 



N 



{D-2)-£ + {D-2)Y,nKu^, 



i=l 



SO the requirement (|2.37|) is nothing but (|1.14|) . 
The form of the metric for this solution is 



ds" = iH{'H^\..H^'UiU2...UMY"'{H,H2...HErx 



{U,U,...UM)-''Y.(\{Ha''-\{Utr E dzT^dzr + Y.dx'^dx-}, (2.38) 



i a 



m,; = l 
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where harmonic functions Ha and Ui, are given by 

^a = l + E^^' (2-39) 

c \^ ^ac\ 

Ub = i + Er^^s- (2-40) 

This representation of the metric is convenient for calculating the entropy. The hole 
area of the horizon is non-trivial and points Xac and x^c arc not singularities when 

1) all harmonic functions have the equal number of centers k and xic — . . . — Xkc — Xc- 

2) 2as{Eu + tM) = 2 

3) as(EaA„, -EfeAbi + M) = 2 
4:)q = 1 or 

4')g = 2 and sa{E + M) - 2 = s 

Under these conditions for the case q — 1 the area of horizon has the form 

AD-2^0U,+lL''-'-'T.(\lQac]lPbc)^^ (2.41) 

c a b 

where cug+i is volume of s + 1-dimensional sphere, 

^.^-1 = (2.42) 

and L is a period of all y„, n — 1, .., D — s — 3. To get non-trivial entropy for g = 2 one 
have to make a 'boost' 

—dyl + dyl — > dudv + K{x)du^, 

where 

U^yi+yO: V^Vl- yo, K{x) = 1 + l Xc = Xac 

In this case the area of horizon is given by 

Ab-2 = C^.+li^''-^-'E(n<5acn^6c)^Ql (2.43) 
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2.2 Examples 



To describe particular examples of the general solution ( |1.12D it is convenient to present 
the incidence matrices A^j and by special tables with E (or M) rows and + 2 
columns (additional two columns correspond to subspaces of M with dimensions q and s, 
briefly g-column and s-column). If A^j = 1 we put rj symbols 'o' in an appropriate cell 
of the table. If Ku = 1 we draw symbols '•' in a corresponding place of the table. Also 
we draw 'o' and '•' in g-columns and s-columns, respectively. We will not consider here 
the cases with E + M = 1. 

2.2.1 D = 11, rf-form and a = 

First we will investigate the case D = 11 and a = 
1) "electric" ansatz. 

In this case we have the following condition 

(P ^ 

g - — + E = 0, a^a' (2.44) 

y 2=1 

where all values are integer. Therefore there are two types of solutions. 



d=3, q=l, s=2 



o 


o o 








o 




o o 






o 






o o 





ds" = {H,H,H3)H-{H,H2Hs)-'dy^ + H^\dyf + dyl) + H^\dyl + dyl) + 

+ H^\dyl + dyl) + rfx^rfx"] (2.45) 

For Ha in the form 

= 1 + E ^2.46) 

we get non-zero area of the horizon if all positions of the poles Xac coincide, Xac =^cj 

A, = u,L' E(QicQ2cQ3c)'/' (2.47) 



d=6, q=2, s=l 



o o 


o o 


o o 




o o 


o o 




o o 


o o 




o o 


o o 



ds^ = {HiH2H^)l[{H^H2H3)-\-dy^ + dyl + K{x)du^) + {H^H^Y^dyl + dyl) + 

{H,Hs)-\dyl + dyl) + {H2Hs)~\dyl + dy^,) + dx'^dx'^] (2.48) 

Ag = AtiL' J2iQcQlcQ2cQ3c)'^^ (2.49) 

c 
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Note that the solutions presented in these tables correspond to "maximal" configura- 
tion in the sense that apart from the ansatzes presented by the above tables one can also 
consider ansatzes which can be obtained by deleting some rows of our matrices, but these 
solutions have zero area of the horizon. 

The solution ( p.45|) has been discussed in |3^, the solution ( p.48|) was considered 
in 0. 

2) "magnetic" ansatz. 

In this case we have the following condition 



s - — + ^ r^KuKn = 0,6^ h\ 
where all values are integer. Therefore there are similary two types of solutions. 



(2.50) 



d=3, q=2, s=l 



ds" = iUiU2U3)HiU,U2Us)-\-dy^ + dyl + K{x)du') + {UiU2Y\dyl + dyl) + 

{U.U^r'idyl + dyl) + {U2U^r\dyl + dy^,) + cix^cix"] (2.51) 



^9 = 47rL^EWcPicP2cP3c)'/' 



(2.52) 



d=6, q=l, s=2 



ds^ = {UiU2U^)h-{UiU2U^)-^dy^ + U^\dyl + dy 

+ U^\dyl + dyl) + dx'^dx''] 



U^\dyl + dyi) + 



3c 



(2.53) 
(2.54) 



These solutions are dual to the 'electric' ones. 

?))" electric" + "magnetic" ansatz. 

In this case we have the additional condition 



N 



(2.55) 



Our strategy in finding solutions of ( |2.44| ), ( p.50|) and ( p.55|) is very simple. We take tables 
corresponding to electric and magnetic ansatzes and try to put on the corresponding 
configurations of the fields the additional condition (|2.55|) . One can check that we cannot 
combine the maximal ansatz presented by ( p.45| ) (or (|2.48|) ) with maximal magnetic ansatz 
corresponding to ( |2.51|) (or (|2.53|) ), but we can combine a part of table ( |2.45| ) with a part 
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of table ( p^.SlD as well as a part of table ( |2.48| ) with a part of table ( |2.53D as it is presented 
in the tables connected with solutions (|2.56|) and (|2.58| ), respectively. So, we have two 
types of solutions. 



d=3, q=l, s=l 



o 


o 


o 










o 






o 


o 








• 




• 






• 






• 




• 




• 



+ {H2U2)-^dyl + H^U^-^dyl + {U^U2)-\dyl + dyl + dy?i) + dx'^dx''] (2.56) 



(2.57) 



d=6, q=l, s=l 



o 


o o o 


o 


o 








o 


o o o 






o 


o 






• • • 


• 




• 




• 




• • • 




• 




• 


• 



ds^ = {H^H2Y^{U,U2)H-{H,H2U,U2)-'dy'' + {H,H2)-\dyl + dyl + dyl) + {H,U2r'dyl+ 
+ {HiUiy'dyl + iH2U2)-'dyl + {H^UiY^dy''^ + rfx^rfa;"] (2.58) 

^9 = 47rL^ Y.(Q^cQ2cPicP2cf^ (2.59) 

c 

The solution ( |2.56| ) has been constructed in |^ and it is dual to ( |2.58| ). 



2.2.2 D=10, d-form and « ^ 0. 

1)" electric" ansatz. 

In this case we have the following condition 



N 



d^ 

— + g - — + XI fiAaiAa'i = 0, a', 
^ y i=i 

where all values are integer. Therefore there are four types of solutions. 



d=3, a = ±i q=l, s=l 



o 


o o 








o 




o o 






o 






o o 





ds' = {H^H2Hs)^-{HiH2Hs)-'dy' + H^^dyf + dy^) + H^\dyi + dyi) + 
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All centers of harmonic functions are points of singularity. 



(2.60) 



d=4,a = ±a/2, q=l, s=l 



o 


o o o 






o 




o o o 





ds^ = iH,H,)^-{H,H2)-hy^ + H^^dyl + dyl + dyl) + 

+ HP {dyl + dyl + dyl) + (2.61) 
The of horizon is equal to zero. 



d=4, a = 0, q=l, s=l 



o 


o 


o 


o 










o 


o 






o 


o 






o 




o 




o 




o 




o 






o 




o 


o 





ds^ = {HiH2H3H^f^[~{HiH2H:,H^)-'dy^ + {HiH2)-'dyl + {HiH3)-'dyl + {HiH^)-'dyl+ 
+ {H^H^Y^dyl + {H^H^Y^dyl + {H^H^Y^dyl + (2.62) 

^8 = 47rL6 Y.iQicQ2cQzcQicY'^ (2.63) 

c 

This solution was discussed in [Q. 



o 


o o 


o o 






o 


o o 




o o 




o 




o o 


o o 





ds" = {H,H2H^)-s[-{HiH2H^)-'dy^ + {HiH2)-\dyl + dyl) + {H^H^)-\dyl + dyl) + 

+ {H2H^)~\dyl + dyl) + dx'^dx''] (2.64) 

The area of horizon is equal to zero. 

2) "magnetic" ansatz. 

In this case we have the following condition 

d"^ ^ 

— + s - — + Y,r^Abi^b'i = Oby^b' 

where all values are integer. Therefore there are also four types of solutions. 
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d=3, a 



q=l, s=l 



ds' = iU^U2U,)-s[-iU,U2Us)-'dy' + iU,U2)-\dyf + dy',) + {U^U^)-\dyi + dyi) + 



+ {U2U^)-\dyl + dyl) + 
The entropy is equal to zero. 



d=4, a = ±y/2, q=l, s=l 



• • • 



ds^ = {UiU2)H-{UiU2)-hy^ + f/i Hdyl + dyl + dyl) + 

+ up {dyl + dyl + dyl) + dx'^dx'^] 
The area of horizon is equal to zero. 



d=4, a = 0, q=l, s=l 



(2.65) 



(2.66) 



ds" = iU^U2U3USH-{UiU2U,U,)-'dy^ + (f/if/s)-^^? + {U^U3)-'dyl + {U,U,)-^dyl+ 
+ {U2U^)-^dyl + {U2U,)-'dyl + [U^U^Y^dyl + da;"(ia;"] (2.67) 



(2.68) 



d=5, a = ±i q=l, s=l 



= {UiU2U^)h-{UiU2U^y^dy'' + f/r'(rfi/? + + U2\dyl + ^1/42) + 

+ Up {dyl + + c/a;°c/x°] (2.69) 
This metric has singularities in the centers of Ub 

The solutions (ra),(^^, (|2^) and (|H) are dual to (|2:6^),(^),(^:62D and {^M) 
respectively. 

3) "electric" + "magnetic" ansatz. In this case we have the additional condition 

^ - TT + E '^^^b^K^ = 



Again we have three types of solutions. 
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d=3, a = ±|, q=l, s=l 



o 


o 


o 










o 






o 


o 








• 




• 






• 






• 




• 




• 



ds^ = {H,H2)^U,U2)^-{H^H2U^U2)-'dy^+{H,U2)-'dyl+{H^U,)-'dy| + {H2U2)-'dyl+ 
+ (H^U.y^dyl + {U^U2)-\dyl + dyl) + dx^dx''] (2.70) 

As = 47rL^ J2(QicQ2cPicP2c)^^^ (2.71) 



d = 4, q; = ±v^, g = 3 



o 


o o 


o 










• 


• • 


• 



ds' = {HU)H{HU)-k-dy' + dyl + dyl)+ 

+ H-hyl + U-hyl + dx''dx''] (2.72) 
In this case q — 3, therefore the entropy is zero. 



o 


o o 


o 


o 








o 


o o 






o 


o 






• • 


• 




• 




• 




• • 




• 




• 


• 



ds' = {H^H2)i{U^U2)h-{HiH2U^U2)-^dy'' + (H^H^y^dyl + dyl) + {H^U^Y^dyl-^ 
+ {H^U^y^dyl + {H^U^y^dyl + {H^U^Y^dyl + dx^dx^] (2.73) 

^8 = 47rL6 Y.iP^cP2cQicQ2cf''' (2.74) 

c 

2.2.3 D=18, d-form, and a = 

Let us demonstrate our method in the comphcated case D — 18. For simphcity we 
consider only the 'electric' ansatz. 



d — A, a — 0, q — 1, s — 3 



o 


o o o 










o 




o o o 








o 






o o o 






o 








o o o 





ds^ = {H,H2H3H^)-e[-{HiH2HsH^)-hy^ + {Hi)-I{dyl + dyl + dyl)+ 
+{H2)--^ {dyl + dyl + dyl) + {Hs)--s {dy^^ + dyl + dyl)+ 

+ {H^)-l{dylo + dyli + dyl2) + dx-^dx"^] (2.75) 
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Am — UJiL^^ y^XQlcQ2cQ3cQ4cy^^ 
c 



(2.76) 



d=8, a = Q, q=l, s=l 



o 


o 


o 


o 


o 


o 


o 


o 


















o 


o 


o 


o 










o 


o 


o 


o 










o 


o 


o 




o 








o 








o 


o 


o 




o 


o 








o 


o 






o 


o 




o 


o 






o 






o 




o 




o 


o 




o 




o 




o 




o 








o 




o 


o 


o 




o 


o 




o 






o 




o 






o 




o 




o 




o 




o 


o 




o 






o 


o 




o 






o 




o 


o 




o 





+ {HiH2H3Hr)--^dyl + +{H^H2H^H^)-"^dyl + {H^HsHeHs)-'^dyl+ 
+ (H,H4H5H,)-^dyl + +(H,H^HeHs)-^dyl+(H,H5HeH7)-'^dy^, + (H2H3H5He)-^dyl+ 
+{H2H^HjHs)-Uyl + {H2H,H^H,)-"Uyl^ + {H2H^H,H^y"^dyl^ + {H^H^H^H^)-"Uyl^+ 
{H^H^H^HryUyl + {H^H^H^H^y-^dyl^ + dx^da;"] (2.77) 

Al& = 4:7rL^^^{QicQ2cQ3cQAcQ5cQ6cQ7cQsc)^^'^ (2.78) 



d—12, a — 0, q—3, s—1 



o o o 


o o o 


o o o 


o o o 






o o o 


o o o 


O o O 




o o o 




o o o 


o o o 




o o o 


o o o 




o o o 




o o o 


o o o 


o o o 





ds^ = {H1H2HSH4) ^ [{H,H2H^H^)-I i-dy'' + dyl + dyl) + {H^H2H^)-"^{dyl + dyl + dyl)+ 

+ {HiH2H^)-Hdyl + dy^j + dyl) + {H.HsH^y^dyl + dyl^ + dyl^) + 

+ {H2HsH4)--^ {dyl^ + dyl^ + dyl^) + cix^dx"] (2.79) 
In this solution ? = 3, the area of horizon is zero. 
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3 Gravity coupled with tii-form, (i2-form and dilaton 



In this section we will consider soliton solution of the form (|1.3|) for the theory 



We will follow the same strategy of finding solutions as before. For simplicity let 
us present the main steps of calculations only for pure 'electric' field but write only the 
answer for a general 'electric' + 'magnetic' ansatz. 

For di and (i2-foriii we are going to consider a class of ansatzes corresponding to 
El and E2 electric charges. Each ansatz we will connect with two incidence matrices 
A^^'*, a = I..E1, i = 1..N, ^fi, b = I..E2, i = 1..N, which apart the properties 1), 2), 3) 
and 5) mentioned in the previous section satisfy the following conditions 

4) Eili Aii^ =di-q for all a; 
Eili =d2-q for all a; 

Electric fields are assumed in the form 

^a) = |]/,(i)e<=^'^(-)'^'u;o« n (3-2) 

E 

A^') = ±hf)e^^^-'^'''ul n Au;. (3.3) 

Components of the energy-momentum tensor for (ii-form and (i2-form are very similar 
except that in the exponent corresponding to the (i2-field new parameter j3 enters instead 
of a . 

"No- force" conditions in this case have the form 

N 

,(1). 



-a<j)-2qA-2Y, Al^r.F, + 2C(i) = 0, z = (3.4) 

i=l 

N 

- /30 - 2gA - 2 ^ AgV.F, + 2CP = 0, ^ = I..E2 (3.5) 



1=1 

From Maxwell's equations under conditions ( p.4|) and (|3.5| ) we get 



2 



Having in our disposal these expressions the equation of motion for the dilaton as 
well as the Einstein equations (apart from the non-diagonal part for 7-components can 
be solved if one assume that 

A=|:t«/.«^c«+|:t(2)/.f^c(^) (3.6) 

a=l a=l 

F. = J: h^'c^i^^ - .(^)) + E h^'c^{^^!S - u^'') (3.7) 

a=l ^ a=\ ^ 
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El E2 



a=l a=l 

</>=fl:/^i^^'c^i^^+fl:/^i^^'c^f (3.9) 

^ a=l ^ a=l 

where t^^\ t^'^\ u^^^ and m*^^-* are given by 

Having the formulae (|3.6| ), ( p.7|) and (|3.^ ) one can immediate verify that the relation 
(|23) holds. 

In the same way as it has been done in Section 2 one can find that consistency con- 
ditions of equations (pD, B and with j^Ml and (|J0D force us to put the 
following restrictions 

{D - 2)(^ + q)-dl + {D- 2) 5:r,Ai^)Ai!; = 0, a ^ a' (3.14) 

+ g)(D - 2) - d,d, + {D- 2) EnA^Ag] = (3.15) 
^ i=i 

(D-2)(^ + g)-d^ + (D-2)5:r,Al?AS=0 a ^ a' (3.16) 
^ i=i 

and take ha in the form 

/iW' = aW= ^ /^(2)' = a(2) = (3.17) 

One can check that if these conditions are satisfied then the rest of the Einstein 
equations are hold. Introducing the notations a = a^^\ (3 = a^^-* we can rewrite (|3.14|) 
-(PTTBI) as 

(1 - 5/AaO{^^ + ^ - 1^ + T.n^^h = 0, /, J = 1, 2 (3.18) 

i=l 

Let us present the metric corresponding to this solution 

ds' = (fff)if(^L.i7«)2"<^''^'^'(ijf)i/f ...ifg)^"*^''^'^' 
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i a a mi=l a 

In the most general case with electric and magnetic fields we have additional restrictions 
on the incidence matrices 

(1 - + ^ - ^ + E-^AifAi/)} = 0, (3.20) 

i=l 

+ s - + E r.Al?Ai^ = 0, /, J = 1, 2 (3.21) 



and 



vli^' = v^^^' = ^ J = 1, 2 (3.22) 



The metric has the form 

ds' = {H^^''Hi'\..H'ilr-^'''^''\ui^^^^^^ 

f/f ^f/f ^..f/S)-^"^r,.. w + E(n^^^^"^'^' n ^^^^^ 



n i^?^ n ui^^^"r'"' ^ dz'^^d^^^^ + dx^dx^ (3.23) 



a b mi=l a 

Note that in the case of one dilaton field and an arbitrary number of (i/-forms, / 



1, .., 5, requirements on 25* incidence matrices are also given by (glsD , ( F20D and 



with I, J = 1,..,5' and corresponding metric is an obvious generalization of ( p.23|) . 
Furthermore, the same method could be applied to the case with more then one dilaton 
fields. 



3.1 Examples 
3.1.1 D=ll 

We present below only solutions with at list two branches fot both fields. There are more 
solutions with one branch for earch field. 

1) "electric" ansatzes. 

In this case we get 

^ i=i 

and we have two types of solution 



di = 3, q=l, s=l 
d2 = 6, q=2, s=l 
















































000 

















000 





20 



{H[^^Hi^^)-\dyl + dyl + dy^) + dx'^dx''] (3.24) 



(3.25) 



2) "magnetic" ansatzes 
In this case we get 



and corresponding solutions are 
di — 3, q=l, s=l 

d2 = 6, q=l, s=l 



did ^ 



i=l 



ds' = {uiMyHuiM"¥[-uiMM"M"^dy'+ 

+ {ui'^uPrWs + {U^'^uPrW^ + {U?u!l^)-\dyl + dyl + dy',) + dx'^dx'^] (3.26) 



(3.27) 



"i)" electric" and "magnetic" ansatzes. 
New conditions are 

did2 ^ 



9 



did ^ 



9 



We obtained three classes of solutions 



i=l 



di = 3, q=l, 5=1 



d2 = 6, q=l,s=l 



o 


o 


o 










o 






o 


o 










• 




• 




• 




o 




o 




o 


o o o 
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+ {H^2^U)-^dyl + {H^2^H^^^)-^dyl + {UH^^^)-\dyl + dyl + dy^) + dx'^dx'^] (3.28) 



di — 6, q=l, s=l 
d2 = 3, q=l, s=l 



o 


o o o 


o 


o 








o 


o o o 






o 


o 






• • • 




• 




• 


• 




o 






o 




o 





ds^ = {H^^^H^^^)l{UH^^~^)l[-{H^^^H^^^UH^^'^)-'dy^+ 
+{H? H^^^)-\dyl + dyl + dyl) + {H?U)-'dyl+ 
+ {H?H^''^)-^dyl + {H^^^Uy^dyl + {Hi^^ H^^^dy^j + dx'^dx''] (3.29) 



di = 3, q=l, s=l 
d2 = 6, q=l, s=l 



o 


o 


o 














• 




• 




• 




o 




o 




o 


o o o 






• 


• 






• • • 


• 



ds^ = (i/Wt/(2))l(/j(2)f/(l))i[_(ij(l)f/(l)if(2)t/(2))-1^^2^ 

+ (C/(i)C/(2))-My| + (i/(2)c/(2))-i^^2 ^ ^H(-^)uW)-\dyl + dyl + dy^,) + dx^dx"] (3.30) 
3.1.2 D=10 

Now we will investigate the case D — with two fields. 

1) "electric" ansatz. 

In this case we have the following condition 
where all values are integer. Therefore there are following types of solutions. 



d=3, a — ±|, q=l, s=l 

d=5, 13 = =f|, q=l, s=l 



o 


o 


o 










o 






o 


o 








o 


o 




o 




o o 




o 




o 




o 


o o 





ds'^ 



+ {Hf^ H!^^)-\dyl + dyl) + 



(3.31) 
(3.32) 



There are many solutions with two fieldes when each of them has only one electric or 
magnetic component. For example 

(ii = 3, a = ±^ 



4 = 3, /? = T 



2 



o o 


o 








o o 




o 





ds^ = {HiH2)^[{HiH2y- {-dy^ + dyl) + dyl + ''dyl + dx'^dx''] (3.33) 

Centers of harmonic functions are singularities. A family of such solutions was discussed 
in [0 

2) "magnetic" ansatz. In this case we have the following condition 

aP ^ did2 , ^ a(i)a(2) 



i=l 



where all values are integer. Therefore there are three types of solutions. 
d=3, a = ±|, q=l, s=l 

d=5, /? = q=i, s=l 



ds^ = (f/«f/«)l(f/f)f/f )i[-(f/f)f/«f/f)f/f )-My^+ (f/«^^^^^ 

+dyl) + {ui'^U?Y'dyl + {ui'^ui'Y'dyl+ 
+ {ui'^u['YW, + {ui'^ui'Y'dyl + dx'^dx^] 



(3.34) 



^8 = YSP^ P^f" (3.35) 

c 

?))" electric" + "magnetic" ansatz. In this case we have the additional conditions 





N 



a(3 c/irf2 ^ (1) (2) 



i=l 



a/? did2 ^ 

^ ^ i=l 



We have three types of solutions. 

d=3, a = ±|, q=l, s=l 

d=5, p = tI, q=l, s=l 



o 




o 




o 






o 






o 




o 












• 


• 


• 




o 


o o 






o 


o 
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r(i) H-(i) 



+ {H^^^H^''^)-^dyl + {H^^^ H^'^^yUyl + cix^dx"] 
d=5, Q! = ±|, q=l, s=l 



(3.36) 



d=3, /? = Ti q=l, s=l 



o 


o o 


o o 








o 


o o 




o 


o 






• • 


• 


• 




• 




o 




o 


o 







+dyl) + {H'^^H^'^Y'dyl + {H^'^Uy'dyl^ 

+ {H^^^ H^^^yHyl + {HPuy'dyl + rfx^rfx"] (3.37) 



d=3, a — ±|, q=l, s=l 
d=5, (3 = ^i, q=l, s=l 



o 




o 




o 










• 


• 






• 




o 


o o 


o 


o 










• • 


• 




• 




• 



ds' = (i/«C/(2))i(i7(2)[/(l))|[_(i7(l)[/(l)//(2)[/(2))-1^^2 ^ (/J(2)[;(l))-1(^^2 ^ ^y2^_^ 

+ (H^^)H^^))-^dyl + (ij(2)f/(2))-irf^2^ 
+ {H^^^U^^^y^dyl + {U^^^U^^Y^dyl + dx'^dx'^] (3.38) 
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4 Depending Functions 



Here we consider the ansatzes and (|2.2| ) with functions Ca and Xb which are not in- 
dependent. We are not going to present a general consideration since it is straightforward 
but rather involved. We construct only special solutions with depending functions Ca and 
Xb- Let us consider the theory ( |1.1|) with a = 0, 'electric' + 'magnetic' ansatz with equal 
number of branches {E = M) and Ca = Xa- Substituting expressions for A, 5, and Fi in 
'no-force' condition for diagonal part one can obtain 

1 ^ 

- hltd - vlud + vl- J2 rAaiKi + 1=0 (4.39) 

^ i=i 

1 ^ 

- hlud - vltd + hl-J2 nAaiAai + 1 = (4.40) 

^ 1=1 

These equations are consistent under an assumption 

vl = hi (4.41) 

Then we have 

A non-diagonal part of the 'no-force' conditions gives 

N N 

J2 rAa'iAa^ " ^ r,Aa'iK^ -q = (4.43) 

i=l i=l 

N N 

riAaiAa'i - nAa'iAai - s = (4.44) 
1=1 j=l 

where a' 7^ a. Note that there is no explicit dependence on D in the conditions ( |4.43| ), 

dm)- 

Some examples. For D = 11, d = 4, g = s = 1 we can put 

N N 



Yri^aiAa'i = 1, = 

i=l i=l 

N N 

J2 TiAa'iAai = 0, ^ Ti/AaiAat = 



2=1 i=l 



d=3, q=l, s=l 



o 


o o 










o 




o o 








o 






o o 










• 


• 




• 




• 




• 




• 




• 


• 






• 
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ds^ = {H^H2H^)^-{H^H2H^)-Uy'' + {HlH^)-^'^dyl + {HlH2)-^'Hy 

+ iHiHi)-^/'dyl + iH2Hl)~^/'dyl + iH,Hl)-^/'dyl + iH,H2Hsr^/'dy^, + dx''dx''] (4.45) 
For the area of horizon we have 

Ag = A'KL\HiH2H^f'^ (4.46) 
Another example. Let us consider = 10, (i = 4, g = s = 1 

N N 

TiAaiK'i = 2, XI ^Aa'Aai = 1 
i=l i=l 

N N 

^riKa'iKi = 1, '^riAaiAai = 



d = 4, a = 0, q = 1, s = 1 



o 


o 


o 


o 










o 


o 






o 


o 






o 




o 




o 




o 




o 






o 




o 


o 












• 


• 


• 


• 






• 


• 






• 


• 




• 




• 




• 




• 




• 


• 




• 






• 



We have the following metric 

ds^ = iH,H2H3H,)^-{H^H2H,H,)-'dy^ + {H,H2)-'dyl + {H^Hs)-'dyl + iH^H,r'dyl+ 

+ {H^H^Y^dyl + {H^H^y^dyl + {H^H^Y^dyl + (4.47) 
This solution was discussed in p^ . 
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